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Executive summary

The aim of this report is to provide the reader a solution to the wave equation for free
vibrations of square membranes. This solution can be used to simulate vibrating membranes
such as percussions or loudspeaker cones. Part of the project was to simulate vibrating
membranes, included in this report are discussions about three possible ways to simulate
vibrations of membranes and each methods advantages and disadvantages.
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1. Introduction

This report is a result of a project in the course Acoustics, TNMO027, at Linkdpings Technical
University.

The goal of the project is to find a way to simulate the free vibrations of a membrane. In
reality the membrane could be a percussion that is made of a thin membrane which is
stretched over a resonator. When the membrane is hit by a drumstick it will start to vibrate
and a sound is produced as soon as the vibrations are passed on to the air. The knowledge of
how a membrane acts during stress is important if one is to either simulate or construct a
drum or a loudspeaker cone.

To make these simulations the wave equation for free vibrations of a square membrane has to
be solved. Here it is done using the separation of variables method. The result of that equation
is used in three different approaches to simulate the membrane.

Note: The project was handed to us as four questions, here called Q1-Q4. Each question,
except the first, is dependent on the question before. Question 1 concern the solution of the
wave equation while Q2 concern implementation of the same equation.Q2, Q3 and Q4
involves simulation problems, the three questions focus on the same problem but reaches
solutions in different ways.

2. Method

2.1 The wave equation
To be able to plot the free vibrations of a square membrane the wave equation must be solved.

Here the separation of variables method is used. With the result one can determine the height
of each point in a surface at any time. The wave equation below, equationla, is given in Q1.

2 2 2 2
a—zz—czvzz:a—zz—c2 a—§+a—§ =0 (1a)
ot ot ox~ oy

In the end a solution to this equation gives the height of each point of the membrane at any
time. Later on in this report it is shown how one can use the solution of the wave equation to
simulate the vibration of a square membrane. That being one way to simulate such a system
the above is also used in the second simulation to set the initial displacement. Equation 1a
implies equation 1b as follows.

0’z 0’z 0z
Z(X, y,t)zy—cz(y"'yj (1b)

Here one can assume the partial solution

2(x,y.t)=p(x y)
Combined with equation 1b this gives the following:
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2 iot 2 2
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H it 2 2
2(x, y,'[)zlwa;l//e—c2 8_:/2/+6_t/2/ et &
ot ox2  dy
o’y 0w )|,
2(x,y,t)=| -0’y —c* + e'*
(x y.t) ( % [axz Y

@)

The constant K can be derived from starting and boundary conditions (which are explained in

chapter 2.2) K can also be expressed as:

K=2
C

Equation 2 divided by —c? and combined with equation 3 gives:

2 2
z(x,y,t)= (K ‘v o+ ZXI'Z + %y‘[g jei""

Here, a separation of variables comes handy.

o’y o’y
K2W+8x2+8 >
y

Equation 4a implies the partial solutiony (x, y)= X (x)¥ (y).
Combined with equation 4a, this gives

K2X (XY (y)+ dZX(X)Y(Y)+ d?X (x)¥ (y)

dx? dy?

AN(y), dXIXr(y)

dy?

e (y)+ X0

X (¥ (y)

Inserted into to the wave equation, equation 4, gives

Ax vt)=| k24t dZX(x)+ L_d¥(y) e
(% y,t) (K X(x) dx* " Y(y) dy? j

3)

(4)

(42)

(4b)

(5)
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2.2 Boundary conditions

While the membrane is clamped at its rim the equation must be zero at its edges.
Mathematically this could be described as:

2(0,y,t)=z(a, y,t)= z(x,0,t)= z(x,a,t) =0
1 d’X(x) 1 d?(y)
+
X(x) dx*  Y(y) dy?
match the conditions above. This results in the following equations:

has to

e'* in equation 5 will not be O for all t, therefore K? +

d2X(x)

o~ +k2X(x)=0
a2y

dygy)+ky2Y(y):0
k?+k2 =K’

The solution to these differential equations is
2(x,y,t) = (sin(k x + ¢, )sin(ky y+o, ))e“"t
@, and ¢, are due to the boundary conditions 0.
mz

k.andk, are also determined by the boundaries and given by k, = n?” and k, = et

2.3 The wave equation of free vibration
The result of these calculations is the following expression, equation 6. This equation is the

answer to Q1. In Q2 this equation will be used to displace the points in a surface along its Z-
axis.

z(x,y,t) = i (A, cos(@,,t)+B,, sin(a)nmt))sin(n—ﬂxjsin(m—ﬂyj (6)

n,m=0 a a

The wave equation is used to plot the first 6 free modes of vibration. n and m below represent
the mode number.

X )t .
///I/'".’“\\\\\\ ,//Z'Zl/ﬂ & “‘\“ “"' ““““\,\\\
750505 N AN < DA
A0S AN st

n=1, m=1 n=1, m=2 n=2, m=1
nodal line: a/m nodal line: a/n
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2.4 Displacement of the surface

In Q2 a surface, which boundaries and conditions are equal to surface discussed above, is
displaced from equilibrium by a force. Here is the wave equation derived in the last chapter
used to calculate the displacement along the Z-axis for each point of the surface.

The force that acts on the surface is described
as:

F
—, (a-b/2<x,y>a-b/2)
fo (X’ Y) =

0 for all other x, y

Depending on the constants (a, n, m) the
force will shape the surface in a certain way.
The membrane is released from rest att = 0.
The tension in the membrane will force the
membrane to equilibrium as the time goes to
infinity.

The force acting on the surface.

2
As the membrane is at rest before time 0, % -0

2 2

2(x, y,O)z%—cVZZ = p% =TV?z+ f(x,y)=0

At time 0 the wave equation can be simplified to

z(x,y,0)= Z A, sm( :stin(M} because (A, cos(a,,t)+ B, sin(o,t)=A,,

n,m=0 a

TVZ=-f(x,y)=
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_TV22(x,y,0)=-TV2 3 A, sm[ " jsm(m:yj fo(x,y)

n,m=0

The second derivative of this equation is described in equation 7.

(2 (] S Zul=) o

All constants in equation 7 are substituted into Dnm to ease up the equation.

mzy
~Tz(x,y,0)= Z D, sm( " jsm[ " j (8)

n,m=0

2.5 Fourier series

The goal is to find Anm, the amplitude for each mode of the free vibration of the surface.
Since Dnm was derived from Anm (equation 7 and 8) one must be able to find a solution for
Anm if the solution for Dmn is found. To find our vibration modes we want to describe Dnm
as a Fourier series of sinus curves. We start of with the part depending on n. Below it is
proven that n must equal p, otherwise the sum is 0.

i Iqu sin[na jsm( p:Xj

p,q=0

n=p= Z'[D sm( j B—%sin(zfﬂ:pﬂzzg—O—(O—o):%

p.q=0

n#p= iIqusin[r'?”stin(pTﬂxj:...j Sin@(pW)j -0

p.q=0

iD sm(rn:yj

m=0

The same procedure is used for m and thereafter we follow up with the rest of our original
equation.

a’ _aa p7x qzy
quj_l_([f X,y sm[ " jsm( " jdxdy:

a+b a+b

ou- s (el a2

2 2
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+b a+b
D, =2 Voo PV 7 | cog 92 )| °
Pa b2 pqﬂ_Z a ab a ab
2 2
_ AR (o Pr@tb)) f Pr@-D)Vfar(@+b)) o fdz(@a-b)

b*pqr’ 2a 2a 2a 2a

As Dnm was derived from Anm in equation 7 and 8 Anm is, in reversed order, derived fom
Dnm.

nz(a+h) . cos nz(a-b) _cos mz(a-+b) . cos mz(a—b)

4Fa?| - cos
2a 2a

Am = (—T)bznmﬂ“(n2 + m2) ®©)

Below are the first modes of vibrations followed by linear combinations of 3 and 9 modes.
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2.6 Dynamic simulation
Wave equation simulation

The wave equation simulator is a
dynamic simulation built on the wave
equation for this membrane.

The simulator allows the user to vary
variables as:

Tension

Yo

Force

Affected area

The number of modes calculated.

and can also print the current A

The simulation is written in C++ and based on three equations

., = c(n/a)’ +(m/a)’

4Fa2(—cos(n”(a+b)j+ n7z(a b) j( m7r(a b)j cos(m”(a_b)D
2a 2a 2a

bnmfz n +m?

A =
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z(x, y,t)= > (A,, cos(a, t)sm(nzxjsm[mﬂyj
=0

nm a

The program first calculates Awm and o, - Every iteration the program calculates each nodes

position by summing allowed modes and frequencies. The time is increased by a fixed
number each frame.

Advantages
- Gives a exact mathematical simulation of the wave
- Good scalability
- Valid for all x,y,t within boundaries
- Continuous for all x,y,t within boundaries

Limitations
- Very computational heavy for large number of modes
- Small number of modes result in stiff simulation

Summary of functions

int buildANM(int nr) line 157

Is called every time Awm needs to be modified for example when the program is started or
some variable is changed. Calculation is done by the formula described above. Returns the
current number of modes.

void buildWNM() line 180
Calculates the currentw,,

void calculate() line 189
Is called every iteration. It calculates every nodes position by summing the contribution of
every mode at the current time.

The OpenGL framework is built on a version written by Jeff Molofee 2000
(nehe.gamedev.net)

10



Vibration of Membranes 7

2.7 Transmission line matrix

a1 he strategy of transmission line matrix,

The transmission of energy is divided into two steps.
In the first step energy from one node affects another node.

In the second step the energy is distributed to the neighboring nodes. To
keep the energy level constant before and after step 2 it is necessary to
distribute the energy according to the matrix below.

-1 1 1 1
1 -1 1 1

g, =L
211 1 -1 1
1 1 1 -1

Since the membrane is clamped at its rim the energy has to go back into
the membrane when it reaches the rim. In this simulation the system is
completely free from resistance and therefore all energy that reach the
rim goes back into the membrane. This special case is not taken care of
in the matrix above and therefore one must handle this situation
separately.

Advantages

TLM, is that every point (here called
node) in a mesh is dependent on the
energy of its four neighbors. The TLM
method works for all kinds of energies;
here it is potential energy that is spread
between the nodes. This energy is created
with the wave equation that displaces the
mesh from equilibrium. The tension of
the membrane will try to drag each point
back into equilibrium.

!
t. +

Lt

- Possibility to displace the membrane as one would like. Here the wave equation is
used to set the initial energy for each node but one could easily set the initial energy to

something else.
- Fast calculations which allow high resolution.

11
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Disadvantages
- Difficulties to change the properties of the membrane while running the simulation.
This is due to that the tension, for example, is only used when the initial energy is set,
during the simulation a change of the tension would not have any effect at all.

Summary of functions in tim.cpp

void initHeight(void), line 92

This function is calculates Anm according to the wave equation, equation 9. This function is
called when the membrane is released from rest, line 677. At line 690 the initial energy for
each node is calculated using Anm.

void Vr(inti, intj), line 111
This function spread the energy from last iteration between the nodes according to the matrix
above. This function is called one time for each node in the mesh each iteration.

void Vi(inti, intj), line 155
This function sum up the energy each node has at the current iteration. This function is called
one time for each node in the mesh each iteration.

int DrawGLScene(GLvoid), line 203

This function takes care of all the drawing and makes calls to the other functions that need to
be called each iteration. Line 225-238 make calls to Vr andVi and finally assign the y-value
(height) of each node to the sum of the current energy of the node times c, the speed of the
wave, and t, the time since last iteration.

2.8 Spring and mass approximation

The wave equation simulator is a
dynamic simulation built of a grid of
masses attached to each other by
springs.

The simulator allows the user to vary
variables as:
Mass
Spring constant
Pre tension of the springs
Affected area
Apply a force to selected masses

12
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The simulation is written in C++. Each iteration every nodes height is compared to its four
neighbors except the ones in the outer lines that are fixed, and will only affect the others. The
calculations are made as follows:

d distance between nodes in xy plane
h current nodes height
hyx neighbor

stretch = /(d)? +(h—h, ) —d Tension = stretch + pretension

Force = sin[arctan(%jjstretch

The forces are summed and the new position is calculated in an Euler function with fixed
time. As we have the Euler function we implemented the ability to ad a force over a time to
the masses instead of the mathematical displacement in the other two simulations. To make
the masses stop at a displaced position while affected by a force we also added a friction that
only is active when the force is.

Advantages
- The ability to easily ad other forces
- Small number of computations
- Can take the shape of all modes

Limitations
- Non continuous equations result in some amount of noise
- Small number of nodes result in low resolution

Summary of functions
float spring(float node, float neighbor) line 176
Returns the tension between two nodes using the formula described above.

void calcForce(int node) line 182
Sums up the forces acting on “node” by calling spring for each neighbor.

void calculate() line 190
This function is called every iteration. It will call calcForce for each node and then ad the
forces applied by the user over a fixed time.

The OpenGL framework is built on a version written by Jeff Molofee 2000
(nehe.gamedev.net)

13
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3. Discussion

Its time to core the best method for simulation; dynamic simulation, TLM or spring and mass
approximation. Since the result of all three methods was satisfying we must make the
following judgments based on our thoughts of what else these methods can be used to. The
first method that continuously calculated the linear combination for all times was easy to
write and in this case the result was good. However it is very hard to implement another force
in this method. This is much easier to do with the spring and mass approximation-method.
The TLM method was maybe a little trickier to program, it was hard to keep all the energy in
the membrane, and even though this program is not prepared for external forces it would be
fairly easy to implement. Since we ran into problems with increased stiffness of the
membrane when the number of nodes increased our recommendation about simulation
methods for thin membranes is transmission line matrix.

4. Conclusion

The computers today are powerfull enough to calculate large amount of data in real time. As
the speed of computers increase its possible to increase the accuracy of the simulations as
well. Combined with advanced math one can easily generate visual simulations to gain grater
understanding of how various systems behave.

The methods discussed in this report are valid for not only square membranes but also for
circular membranes. The wave equation for circular membranes is not exactly the same as for
square membranes. However the way of solving that equation should be similar to what is
described above.
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